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The major existing subdivisions of the present mathematics curriculum of post-
secondary education in United States are: Arithmetic, Algebra, Geometry, Trigonometry,
Calculus and Analytic Geometry, Statistics, and Complex Algebra. Recently many

educators argue that the mathematics is taught in isolation and that one of the problems in
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the mathematics classroom is “the phenomenon that we can term the fragmentation of
knowledge’, due to the fact that mathematics subjects are taught separately from each
other so that the result is islands in the learning process” (Furinghetti and Somaglia,
1998). Mathematics, which is difficult for many students, suffers from this situation and
more than any other subject, is considered to be separated from the cultural context. Asa
result, the image of mathematics held by students is very poor: they think that
mathematics is a very boring subject, without any imagination, detached from real life
(Furinghetti and Somaglia, 1998).

To understand how and why the fragmentations of college mathematics have
reached the current form one must look at the history of the Mathematics Education.
Looking into the history the mathematics curriculum will clarify its boundaries, content,
or methods and will increase understanding of the present nature and values of the

discipline (Coxford and Jones, 1970, page 1)
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While there is evidence of the existence of genuine prehistoric mathematics in this
hemisphere (Mayans of Yucatan in Mexico and Central America had a remarkably well
developed numeration system) the history of the curriculum of college mathematics in
America starts in1492. (Coxford and Jones, 1970, page 11). The effect of foreign
influences upon the mathematics taught from the time of the earliest settlements to the
middle of the nineteenth century was profound.

Other forces led to change and development, such as practical needs, church,
religion, and intellectual curiosity (Coxford and Jones, 1970, page 13). The colleges
founded prior to the Revolutionary war such as Harvard (1601), William and Mary
(1693), Yale (1701), Princeton (1746), Pennsylvania and Philadelphia (1766), and
Dartmouth (1770) did not have extensive requirements or offerings at first. Arithmetic
was made an entrance requirement at Yale in 1745, at Princeton in 1760, and at Harvard
in 1807. Harvard required the “the whole of arithmetic” in 1816 and later on in 1820 was
the first university to require algebra. Geometry was not required for entrance until after
the Civil War. As late as 1726 the only mathematics taught at Yale was a bit of
arithmetic and surveying in the senior year. In 1748 Yale required some mathematics in
the second and third years. Something of conics and fluxions (calculus) was taught as
early as 1758, and by 1766 a program might have included arithmetic, algebra,
trigonometry, and surveying. At Harvard the mathematical course began in the senior
year and consisted of arithmetic and geometry during the first three quarters of the year
and astronomy during the last quarter. It is interested to note that at that time each class
concentrated for a whole day on one or two subjects. Mathematics or astronomy was

studied on Monday and Tuesday (Coxford and Jones, 1970, page 19). The inclusion of



astronomy with mathematics was typical of the times and resulted from both practical
forces and the intellectual climate. The practical need for astronomy in connection with
navigation and surveying is obvious. At the same time, the European intellectual
revolution stemming from the rise of science and the work of Copernicus, Galileo,
Descartes, Newton, was communicated to the colonies quickly. By 1776 six of eight
colonial colleges supported professorships of mathematics and natural philosophy
(Coxford and Jones, 1970, page 19). In 1850 the Military Academy at West Point, the
first technical institute in the United States introduced the study of analytical
trigonometry (Coxford and Jones, 1970, page 29). Influenced by West Point the
University of Michigan in 1837 adopted textbooks in Arithmetic, Algebra, Geometry,
Conic Sections and Mathematics for the Practical Man.

During this time the introduction of the idea of graduate education had a profound
effect on the development of the mathematics curriculum in the United States.
Americans developed the tendency to do research in pure mathematics and in the general
area of the foundation of mathematics rather than in applied mathematics, which became
a real national handicap during the time of World War II. The idea of graduate studies
and specialization associated with research and the creation of new mathematics is related
to the founding of Johns Hopkins University in 1875, the founding of the American
Journal of Mathematics and the founding of the American Mathematical Society
established in 1888 (Coxford and Jones, 1970, page 30). The emphasis on the function
concept and on interrelationships within mathematics introduced in 1893 had a profound
effect in the development of college mathematics (Coxford and Jones, 1970, page 41).

Psychological research and changing theories of learning were the major forces that



influenced the mathematics curriculum during this period. The works of Jean Peerage,
Jerome Bruner had great influence on the on the mathematics curriculum (Herrera, 2001)

In the years that followed educational agencies such as NSF and Educational
organizations played an important role in the changes of the mathematics curriculum that
followed. The National council of Teachers of Mathematics founded in 1920 is
responsible for many curriculum reforms. They are responsible for the “new math
movement” of 1960-1970. During World War 11, both educators and the public
recognized that more technical and mathematical skills were needed to meet the needs of
the developing technological age. The Commission on Postwar Plans appointed by
NCTM made recommendations about mathematics curriculum. The goals were to
establish the United States as a world leader and to continue the technological
development that had began during the crises of war. The movement was further
supported with the launch of Sputnik in 1957 because it crated the perception that the
United States was “behind in the world scene” of technology and military power
(Herrera, 2001).

In 1986, the Board of Directors of the National Council of Teachers of Mathematics
(NCTM), recognizing the alarming need for reform in the way mathematics was taught,
established Standards for the curricula of schools (Martinez, 1998).

The above historical overview of the development of mathematics curriculum in
the United States suggests that some of the major factors that led to the fragmentation of
mathematics and influenced the development of the mathematics curriculum are:
practical needs, church, religion, and intellectual curiosity. Many educators now support

the idea that the disciplines of the school curriculum should be viewed as a unitary body



of knowledge. A teacher who looks at the school curriculum with “interdisciplinary
eyes” can discover a variety of situations to which mathematical methods can be
efficiently transferred in a natural way (Furinghetti and Somaglia, 1998).

When looking at the school curriculum this way the role of mathematics
changes. This subject really becomes the center of students thinking and hopefully they
establish a richer image and understanding of the discipline (Furinghetti and Somaglia,
1998). Interdisciplinary (between mathematics and other disciplines and within
mathematics) in the classroom would help students understand the power and beauty of

mathematics and perceive it as interesting and useful subject.
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TX1: THE FRAGMENTATION OF KNOWLEDGE' AND THE IMAGE OF MATHEMATICS

One of the problems in classroom life is the phenomenon that we can term the 'fragmentation of
knowledge', due to the fact that school subjects are taught separately from each other so that the result is
islands in the learming process. In particular, mathematics, which is difficult for many pupils, suffers from
this situation and, more than other subjects, is considered to be separated from the cultural context. As a
result, the image of mathematics heid by pupils is very poor: pupils think that mathematics is a very boring
subject, without any imagination, detached from real life. This problem is very old. In the Association for
the Improvement of Geometrical Teaching, there is the following verse quoted in the Daily News of
December 16, 1892 as being often found written in a schoolboy’s Euclid or Algebra:

If there should be another flood, Hither for refuge fly, Were the whole world to be submerged This book
would still be dry’ (p. 23). '

The author observes that ‘there is strong reason to believe that these lines accurately set forth the opinion
that is usually entertained' (Heppel, 1893 p. 24). He is also pessimistic about the possibility that the
average pupil succeeds in seeing the beauty and the poetry in mathematics by himself. He rather thinks
that ‘the schoolboy's charge of dryness must be met in another way, by showing him how the progress of
the Arithmetic, Geometry, Algebra, and Trigonometry that he is leaming has gone on in answer to the
needs that men have felt, and the desires they have formed' (Heppel, 1893, p. 24). In those times this
opinion was widespread in the world of educators and of professional historians of mathematics(FN1).
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Among historians the [talian, Gino Loria, who was also very interested in problems of mathematical |

_instruction ngly supported the introduction into schools of what he terms ‘interdisciplinarity’, ie.a .

way of teaching which emphasizes the links between the different disciplines. In the paper (Loria, 1890)
he poinis out the importance of history in promoting it. The basic idea in the two papers we have
mentioned is that history of mathematics can help to see the genesis of ideas and the connections among
the various subjects, thus making the culture transmitted in school & homogeneous body of knowledge.
ACHIEVING INTERDISCIPLINARITY IN THE CLASSROOM: AN OUTLINE OF POSSIBILITIES
AND IMPLICATIONS

We can find the preceding ideas, which were enunciated in theory by the authors of the past, tried out in
more recent times in different research projects. In the following, we briefly discuss some examples in
order to make clear what ‘interdisciplinarity’ means and which real benefits mathematics in school may
derive from it. The projects that we consider concern pupils aged from 13 years onwards. We describe
how history can help to go across disciplines rather than focus on issues specific to the particular
situations in which the projects took place.

In Grugnetii (1989), we find an example of an interdisciplinary activity involving pupils aged 14-16 years.
Various historical periods are studied from different points of view: the point of view of the language used
and the literature, the social and political situations of different countries, the technological development,
and so on. According to the author, this initiative originates from the need to reveal a 'really humanizing
aspect’ of mathematics. Mathematics is not predominant over the other subjects and the teachers of all the
subjects involved perticipate in the work. The conclusions of the paper do not show if the objective of
emphasizing the 'humanizing' aspect of mathematics has been attained; we can only infer 2 more general
result about humanizing’ classroom life and communication among teachers of different subjects,

An analogous proiect in France with pupils aged 14-15 years is described in Guichard and Sicre (1988).
As a starting point, 8 mathematician who was bor in the region where the school is set was considered.
They were very lucky since this mathematician was Francois Viete, a key character in the development of
algebra. The authors state very clearly the objectives of their wotk in the classroom (in addition to the
basic objective of making pupils aware of an important piece of local mathematical history):

- to make pupils interested in an interdisciplinary approach;

-- to give & human dimension to sciences, presenting a part of mathematics (algebra) that is developed in
the classroom within a historical perspective;

-- to show that mathematics (and its presence in school as a subject) is evolving all the time;

— to work in mathematics classes on real problems on which mathematicians have worked, problems
similar to those which generated the algebruic calculations.

The subjects involved in this project were architecture, sculpture, music, painting, ways of writing, history
and geography of the 16th century. The authors point out two consequences of this experiment. On the
cultural side, it appears that afier the project there was a different attitude to the 16th century and to the
life of the region. On the mathematical side, some basic algebraic concepts such as variabies and
parameters were discussed; thus it was possible to easily shift the focus of the algebraic teaching from pure
manipulation to conceptual issues.

The problem of the image of rnathematics held by pupils aged 17-18 years is the motivation of the
experiment described by Rommevaux (1988). In this case the teachers of the mother language (French)
and of mathematics planned and carried out together classroom work in which pupils analysed texts by
Blaise Pascal and by Jean-Jacques Rousseau. The links between mathematics and literature, which in the
usual way of looking at mathematics would be weak, reveal themselves as an interesting source of
reflection on the nature of mathematics and its teaching, as it is shown in Furinghetti (1993).

There are two subjects, philosophy and art, that we often find associated with mathematics in history. A
typical case of work involving the mathematics and the philosophy teecher concerns discussion of the
concept of infinitesimals and infinity centred on the Zeno paradoxes. In Guichard and Sicre (1995), there
is a description of an experiment involving high school pupils. As for mathematics associated with art,
there are many experiments which link these two subjects. I Brin et al. (1995), an activity with 12- and
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16-17-year-old pupils is described centred on the study of the methods used by Renaissance artists for
representing objects of three dimensional space(FN2) in the two-dimensional plane. In this way, pupils
come to know how the mathematical theory of perspective was bom from the practice of art. Moreover,
they acquire a precious 'key' for looking at masterpieces of art. In the paper by Menghini (1989), the link
between art and mathematics is illustrated, not only through the study of Italian artists of the Middle-Ages
and the Renaissance but also through the study of the use of conics in Roman Baroque architecture (the
experience was actually carried out in Rome). The topic 'conic sections' has evident connections with the
orbits of the planets which were studied around the period in which the Baroque churches were built.
Thus two kinds of sky—the metaphorical domes of the churches and the real astronomical sky--link
mathematics, art and astronomy. In the paper by Menghini (1989), other aspects of the connections
between mathematics and art are discussed through the work of the Dutch painter M. Comelius Escher.
The well-known painting inspired by the Poincare model of non-Euclidean geometry was used in the
classroom to introduce pupils to problems of non-Euclidean geometries and to motivate a discussion on
the nature of space as it developed in the 19th century.

All of the previous experiments have been carried out in the classroom and were supported by worksheets,
notes and other materials. We can see from these examples that interdisciplinarity, even if differently
approached, has some common characteristics:

— The fragmentation of knowledge mentioned at the beginning is overcome and mathematics regains its
cultural dignity. The role of mathematics is seen from another point of view: it is no longer viewed as &
discipline developed 1o serve other disciplines but is now seen, together with the others, as a discipline for
solving problems.

-- There is a strong interaction within the team of teachers (usually in the same school) involved in
interdisciplinarity. This interaction is very deep, since it does not only mean working together, but it
mainly means to fix common objectives and to find efficient agreement on the methods for pursuing them.
Interdisciplinarity reveals itself as a real way to overcome the isolation of which teachers often complain
in their work. This fact is one of the factors pointed out by the teachers themselves who have carried out
the experiment.

- History of mathematics is a key element in going across disciplines.

INTERDISCIPLINARITY AND TRANSFERABILITY OF THE MATHEMATICAL METHOD

To focus on the deep meaning of interdisciplinarity and on the role of history in promoting it we analyse
an experiment carried out in an Italian high school, the Liceo Scientifico. In this type of school,
mathematics has an important role: its programme includes Euclidean geometry, calculus, trigonometry,
some elements of logic and computer science. italian, latin, physics, art, a foreign language, chemistry,
sciences and philosophy are the other subjects taught. One of us (Somaglia) is a mathematics teacher at
this school. In addition to the considerable cultural demands of the official programmes she has to face the
students' difficulties in doing mathematics; thus she has tried different ways of teaching to overcome these
difficulties. The usual strategy she uses to introduce mathematical concepts or procedures may be
schematized in the following diagram: (Grephic character omitted)

The problem is where and how to find a suitable context in which the pupils' ‘intuitive ideas’ may arise.
The history of mathematics has revealed itself to be very suitable for this purpose, as may be shown in the
following example in which the teacher has to introduce the concept of integral, which is very difficult for
pupils. Before this introduction she discusses in the classroom the concepts of area and volume, which are
more familiar to pupils. Afterwards she presents the principle stated by the Italian mathematician
Bonaventurs Cavalieri in his treatise Exercitationes Geometricae Sex (published in Bologna in 1647).
This is Cavalieri's statement(FN3):

' Two figures either plane or solid are in the ratio of all their indivisibles compared collectivety and (if
among them you find some unique common relationship) one by one.’

These words convey efficiently the idea of obtaining the area of a plane figure by sectioning it into
infinitesimal elements’ which are summed up afterwards. Cavalier's idea is very appropriate for preparing
pupils for subtie reasoning and the obstacles in constructing the concept of integral, since the strategy of
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sectioning a figure, as Cavalieri suggests, has an intuitive character and has a very telling graphical
interpretation (see Fig. 1).

The context in which to develop the intuitive stage of pupils’ learning is not necessarily to be found within
mathematics. The teacher has used other disciplines that she considered suitable for this purpose, as we
shall see in the following cases.

The first case concerns proof. The teacher ascribes great educational value to activities connected with
proof but, as many colleagues do, she has to face the difficulties encountered by her pupils in the different
phases of proving (conjecturing, exploring, validating conjectures, giving formal proofs). In particular, she
has noticed that, in learning to prove, pupils have difficulty in grasping the overall structure of the proof at
the semantic level. This lack of meaning implies pupils' inability to build proofs on their own since, even
if they are able to reproduce the various formal passages, they are not able to understand what they are
doing. To help pupils sec the meaning of a proof, the teacher again looked for a suitable context in which
pupils can work informaily to activities linked to proof. Having in mind the ancient roots of mathematics
and philosophy, she asked the philosophy teacher to involve pupils in an activity of analysis with
'mathematical eyes' of passages taken from works of the Greek philosophers. The colleague agreed to
participate in the experiment. Here are some examples of the tasks given to pupils:

1. Give the structure of the proof ab absurdo (using the Eleatic axiom 'it is not possible to tatk about nor
think of what does not exist’) through which Parmenides concludes that 'being is without end'.

2. On what assumptions are Socrates' arguments based—the ones that you have read in Plato's dialogue
‘Gorgias' to prove that 'good’ and 'pleasure’ are the same thing?

- Qutline the fundamental points of Socrates’ arguments.

-- Describe and compare the positions of Socrates in Plato's dialogue Protagoras' and that of Caliicles in
Plato's dialogue 'Gorgias'.

The aim of this activity is to accustom pupils to see the mathematical structure (logical sequences,
hypotheses arx conjectures, ...) in domains different from that of formal proof. In this way, it is hoped that
pupils learn to pay attention not only to the syntactic, but also to the semantic aspect of proof. The pupils’
arguments show their efforts to apply mathematical methods to a new context and also to use
mathematical-like notations and structures. The following is an example of the structure of the reasoning
ab absurdo (to deny what is to be proved leads to denying the Eleatic axiom) made by a pupil in the task:
(Graphic character omitted)

To work in different contexts (the mathematical and the philosophical) reinforces the pupils’ ability to
analyse a text and both the subjects in question (mathematics and philosophy) may benefit. Philosophy
gains a scientific approach to its theories, mathematics acquires a field in which to exercise the ability to
decode colloquial language and to grasp the semantic aspect of a proof. In working together the
mathematics and the philosophy teachers kelp pupils to overcome the psychological barrier of the
language. Thus we have & two-way transfer of methods from mathematics to philosophy and vice versa.

In other situations art has been the discipline offering the informal context in which to develop pupils'
‘intuitive ideas’ on the mathematical concept ‘geometric transformations'. A film (by Michele Emmer) on
the work of the painter Escher was shown to pupils. This film emphasizes the strong connections of
Escher’s work with mathematics and allows discussion of the geometric transformations arising from a
stimulating situation. After having analysed the mathematical content of Escher’s work, the teacher posed
a question: why has this painter taken inspiration from mathematics? The teacher, who is familiar with the
history of mathematics, has introduced pupils to the methods used by historians. Letters written by the
painter and people he met on his travels were considered. It emerged that from the start he knew from his
brother, who was a biologist, that the geometrical transformations which were the leitmotif of his art were
studied in crystallography. Afterwards he became interested in the mathematical research relaied to his art;
we know, for example, that he had read the studies in crystallography of George Polyva. Similarly, in the
mathematical milieu, Escher's work was studied by the scientists and new theoretical developments in
crystallography were stimulated by Escher’s paintings. In this case it was the historical method which
finked the different subjects (mathematics and art) to the benefit of both subjects. History of art gained
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knowledge of the genesis of a style, mathematics appeared as a subject which may be seen as truly a part

of human culture.

Escher's painting was also the key to enter into another branch of human knowledge which has

connections with mathematics, i.e. music. In his writings, especially in his letters, the painter points out

the 'analogy’ of Bach's canon and his way of filling the plane of the painting (using symmetry and

antisymmetry). What makes Escher’s attitude interesting is that, unlike Bach in music, the painter is fully

conscious that he is working on concepts which are common to various disciplines (art, mathematics and

music).

Starting from the autobiographical notes of the painter on the reletion of his painting to music the teacher

has gone further in interdisciplinary teaching and has explored the rational construction of the music,

making pupils aware of the important fact that 'several composers used mathematical ideas to structure

their compositions’ (Fauvel, 1996, p.244). With this activity the teacher has emphasized that there is a

concept on which they are working (symmetry) which is common to various disciplines (see Clavarino

and Somaglia, to appear).

CONCLUSIONS

In Galileo's works there is a passage in which the author complains of the criticisms of certain scientists of

his time, who claim that mathematical ideas have to be developed separately from other subjects such as

physics or philosophy. Galileo writes that trath is unique and is part of every discipline(FN4). This view

applies to the school environment too. The exarnples that we have presented in this paper are inspired by

the strong conviction of the need to demolish the barriers between subjects (and between teachers in the

same school, too). Our intention was to suggest 1o teachers and readers that they consider the disciplines

of the school curriculum as a unitary body of knowledge. A teacher who looks at the school curriculum

with ‘interdisciplinary eyes' can discover a variety of situations to which mathematical methods can be

efficiently transferred in a natural way. We can say that the teacher’s attitude has to be similar to the

attitude of Escher himself who wrote expliciﬂy that he found inspiration for his creativity by abandoning

himself to the emotions of Bach's music. The contribution of the history of mathematics to this process of
oing across disciplines is in the opportunity it offers to lay bare the underlying ideas of the disciplines.

By this way of looking at the school curriculum, the role of mathematics changes. This subject really”

becomes the centre of pupils’ thinking and, we hope, pupils establish a richer image of the discipline.
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Fig. | The original illustration of Cavalieri's principle

FOOTNOTES

! It is worth noting that in those times there was a great ferment of initiatives in the school world (the

Mathemsdical Association was established in 1894) and history of mathematics was assuming its present

status of an autonomous discipline with specific journals and specialized researchers.

2 An interesting discussion of Piero della Francesca's skills in mathematics is in the paper by Field (1993).

3 The translations of the various passages are made by us.

4 See Enriques (1938).
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THE 'NEW NEW MATH'?: TWO REFORM
MOVEMENTS IN MATHEMATICS EDUCATION

MATHEMATICS EDUCATION IS RIFE with the battle cries of so-called "math wars.”
On the one side are proponents of standards-based reform, a movement launched in 1989
with the publication of the Curriculum and Evaluation Standards for School Mathematics
by the National Counci! of Teachers of Mathematics (NCTM). Opponents to the reform
proclaim it a reincarnation of the mathematics of the 1960s, popularly known as the "new
math” and popularly remembered as a pedagogical failure. Hence, these opponents term
the current reform the "new new math," yet we have never seen an instance where they
have actually compared the two reform movements.

In this articie we compare the origins, curricular and pedagogical content, and impact of
the new math and the standards-based reform movements. The first part of the article
describes the events leading up to the new math era and the characteristics of
representative curriculums. To conclude the first section, we consider the demise of the
movement and events leading to the most recent reform.

The second part of the article describes the NCTM standards-based reform, an
educational movement that shares some similarities with and vet differs substantially
from the new math reform. We conclude with insights into the reaction to this current
movement and its impact on school mathematics.

The New Mathematics Reform
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The coalescence of concerns coming out of World War II, other events on the
international scene. and discontent with high school mathematical preparation on the part
of mathematicians fomented change--and the new math was born.

Sense of national crisis

The "new math movement” of 19601970 was 15 years in the making. During World War
i1. both educators and the public recognized that more technical and mathematical skills
were needed to push forward the developing technological age. NCTM appointed the
Commission on Postwar Plans to make recommendations about mathematics curriculum.
The goals were to establish the United States as a world leader and to continue the
technological development that had begun during the crisis of war. Although they
documented problems with the preparation of youth in high school mathematics, the
reports of the commission in 1944, 1945, and 1947 had little lasting effect. Osborne and
Crosswhite (1970) characterize the reports as "basically regressive" (p. 246).

To add to the concern about the inadequacy of the mathematics curriculum for the
emerging technology, the Soviet Union launched the first satellite into space in October
1957. This has commonly been cited as the event that marked the beginning of the new
math revolution. The launch of Sputnik in 1957 created the perception that the United
States was behind in the world scene of technology and military power. The launch
served 1o loosen the public purse strings and catapult a movement that had already begun.

Curricular concerns

Prior to the launch of Sputnik, the University of Illinois Committee on School
Mathematics (UICSM), representing the perspective of university mathematicians, was
formed in 1951 "to investigate problems concerning the content and teaching of high
school mathematics" (Osborne & Crosswhite, 1970, p. 251). Following a survey, it
published a pamphlet, Mathematical Needs of Prospective Students in the College of
Engineering of the University of [llinois (Osborne & Crosswhite, 1970, p. 251).

In 1955, the College Entrance Examination Board (CEEB) took a new kind of step to
directly influence the school curriculum. CEEB appointed a Commission on Mathematics
to consider how their examinations should reflect the changes in the field of mathematics
that had taken place in the previous 50 years. To its credit, the commission represented
university mathematicians, high school teachers, and college and university mathematics
educators, three groups most directly concerned with secondary school mathematics
curriculum (Osborne & Crosswhite, 1970, p. 260).

The commission's report, finalized in 1959, was characteristically restricted to college-
bound students. The commission's nine-point program called for preparation in concepts
and skills to prepare for calculus and analytic geometry at college entry. The commission
wanted appreciation of mathematical structure in properties (e.g., commuiative property,
roles of 0 or 1) of natural, rational, real, and complex numbers. Use of unifying ideas
such as sets, variables, functions, and relations was recommended. Treatment of
inequalities along with equations was requested. For Grade 12, a half-year of elementary
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functions was recommended along with alternative units in probability and statistics or
modem algebra (CEEB, pp. 33-34).

Influence of psychological theories

The Swiss developmental psychologist, Jean Piaget, had been writing about cognitive
development since the 1920s and 1930s and had begun to catch the interest of the
mathematics education community. In 1952, the beginning of the new math era, The
Child's Conception of Number was translated into English (Piaget, 1952). Although the
ages at which the stages occur have been questioned, Piaget's stages of cognitive
development and his concepts of conservation and reversibility, for example, had a
significant impact on mathematics education, especially at the elementary school level.
Attention to Piaget's theory had the effect of emphasizing the importance of concrete
examples and physical manipulatives. However, unanswered questions about growth of
mathematical ideas in young children gave rise to some teachers becoming overly
cautious in offering challenges to children, albeit with concrete/manipulative means.

Jerome Bruner influenced mathematics curriculum and practice in the new mathematics
era through his promotion of the discovery of mathematical ideas. Using well-chosen
problems, he said students can do investigation and discovery rather than being told the
relevant concepts and expected to practice skills. Through an oft quoted statement,
Bruner (1960) made the point that readiness for a topic or concept does not depend
altogether on the child's maturation. He said, "We begin with the hypothesis that any
subject can be taught effectively in some intellectually honest form to any child at any
stage of development" (p. 33). His point is that readiness is primarily a function of
curriculum writers and teachers finding a suitable context or way of expressing the
principle or concept to make it accessible to the learners.

Bruner (1966) also devised three stages of representation of mathematical ideas: enactive,
iconic, and symbolic. The enactive mode is essentially a hands-on, concrete
representation of an idea. For example base-ten materials are a manipulative
representation of base-ten numbers. Diagrams and pictures of base-ten materials would
be an iconic represemation. Using ordinary numerals would be an abstract representation.

High school curriculum development

Max Beberman and his associates on the UICSM operated on the principle that
improvement in mathematics curriculum wouid have to include classroom-tested
instructional materials. The UICSM produced materials as a joint effort of the colleges of
education, engineering, and liberal arts and sciences. The staff produced a high school
program that was taught at the University High School. By 1958 a program was in place
for the four high school years. When the program was more widely distributed, teachers
were required to complete in-service education in the philosophy, program, and
methodology, and were to be supervised by staff from the project. The UICSM program
focused on significant changes in curriculum to identify unifying mathematical themes
and use precise language and symbols. Features included:
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the move toward an integrated mathematics curriculum in which algebra is found
throughout the four-year program; . . . the introduction of some modern concepts such as
set terminology; . . . the relocation of several topics, such as . . . inequalities, to lower
levels in the curriculum. . . . Care was taken to ensure precision of expression, even to the
extent of inventing new terms and symbols (e.g., "pronumeral"). (Osborne & Crosswhite,
1970, p. 254)

Moreover, "discovery teaching and learning became the hallmark of the UICSM
program” (Osborne & Crosswhite, 1970, p. 254).

Strongly influenced by college mathematicians, the largest curriculum project of the era
was the product of the School Mathematics Study Group (SMSG). SMSG epitomizes
much of the development of the era. Funded by the National Science Foundation (NSF),
the writing sessions in the summer of 1958 and subsequent summers involved hundreds
of mathematics teachers and mathematicians. SMSG operated by a process of summer
writing sessions, classroom trials during the subsequent school year, rewriting, and
publishing for national distribution (Osborne & Crosswhite, 1970, p. 274).

Over 60 texts were written as well as a variety of supplemental materials and reports.
SMSG texts were to provide a model for commercial writers. Distribution was to
continue with demand and eventually die a natural death (Nichols, 1968). Initially SMSG
texts were written for high school programs to carry out the recommendations of the
CEEB Commission on Mathematics, which included the following:

» treatment of inequalities along with equations

* structure and proof in algebra

* integrated plane and solid geometry with coordinate methods

« integrated algebra and trigonometry

» a twelfth grade course in elementary functions NACOME, 1975, p. 5)

Junior high school projects

While there were many projects at the junior high school level, three represent the thrusts
of the time. Unusual (at the time) chapter titles for seventh grade of the University of
Maryland Project included symbols, propertties of natural numbers, factoring and primes,
the numbers one and zero, mathematical systems, and logic and number systems. Topics
for the SMSG seventh and eighth grades included ideas of structure of arithmetic from an
algebraic viewpoint, the number system as a progressive development, geometry with
applications, measurement, and elementary statistics. "Careful attention is paid to the
appreciation of abstract concepts, the role of definition, . . . precise vocabulary and
thought, [and] . . . creation and discovery, rather than just utility" (Brown, 1961, p. 18).

Junior high school texts and curriculum guides developed throughout the 1960s indicate
that students encountered

4
* BEST COPY AVAILABLE




the concepts and language of sets, algebraic properties of number systems, non-standard
numeration systems, informal properties of number systems, and number theory. [These
topics are] rich preparation for high school study and a striking contrast to pre-1960 texts
for grades 7-8. (NACOME, 1975, p. 9)

However, the National Advisory Committee on Mathematical Education (NACOME)
was unable to determine the impact on the curriculum in general. For indirect evidence
they turned to the National Assessment of Educational Progress (NAEP) tests to examine
what was being tested.

Of approximately 200 items used to sample mathematical attainments of 13 year olds,
NAEP included very few related to sets (6), probability (6), inequalities (2), and non-
decimal numeration sysiems (2). . . . There were many geometry items, though stress was
on measurement aspects that were not particularly novel. On balance the assessment pool
shows some signs of a changing curriculum, but not dramatic upheaval. (NACOME,
1975, p. 10)

A third program, the Madison Project, was intended to prepare supplementary activities
to stimulate children to be creative and develop enthusiasm for mathematics. Topics at
grades 4 to 8 included axiomatic algebra, coordinate geometry, and applications to
science. At the grades 6 to 9 level, topics were statistics, logic, matrix algebra, and
applications to physics. Above all, the approaches to the topics were the mathematical
laberatory and discovery methods (Nichols, 1968, p. 20).

Elementary school curricalar change

In an attempt to reflect current changes, the elementary school textbooks of the era
introduced the language of set theory, and the algebraic properties: commutative,
associative, and distributive. Another topic characteristically added was arithmetic in
bases other than ten (NACOME, pp. 15-16). The intent was to generalize the concepts of
base and place value and thereby solidify the understanding of base ten.

Elementary school curricular change was slower and more difficult to implement than the
high school programs. Few elementary schoo! teachers were mathematics specialists, and
litle inservice training was offered to help them understand and implement the new
curriculum ideas and materials. However, judging from popular textbook series or
curriculum guides, sotne changes prevailed.

The label "arithmetic" has appropriately given way to "mathematics" as curricula
incorporate varying amounts of geometry, probability and statistics, functions, graphs,
equations, inequalities, and algebraic properties of number systems. NACOME, 1975, p.
1)

A survey of teachers indicated that elementary school teachers gave more time to
geometry, but other new topics such as graphs, statistics, and probability received less
time and attention NACOME, 1975, pp. 11-12). Standardized tests of the era point to a
shift toward comprehension goals rather than focusing only on computation. However,
the tests fell short of curriculum developers' hopes of being able to teach and measure
students' understanding.
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Reaction to the new math reform

Teachers responded enthusiastically by taking advantage of NSF funded summer-long
institutes and training offered by the innovative programs. Parents reacted to the new
mathematics curriculum with consternation due to their inability to help their children
with mathematics. A few mathematicians were vocal in opposition to the new
mathematics, notably Morris Kline who wrote the book, Why Johnny Can't Add (Kline,
1973).

The decade of the 1970s was characterized as a "back to the basics" era. Whether or not
Justified, the widespread sentiment was that the new math had failed, and that a retum to
the basics was needed. In particular, critics cited the College Board's report of a 10-year
decline in Scholastic Aptitude Test scores (Usiskin, 1985).

The precise, structuralist language of sets, logic, and algebraic structures, hallmarks of
the new math curriculum, were abandoned in favor of more emphasis on computation and
algebraic manipulation. Socratic dialogue and pedagogical approaches of discovery were
relinquished for those backed by principles of behavioral psychology. Lesson objectives
were stated in terms of observable, measurable behaviors. Texts and teachers were to
guide students through a prescriptive hierarchical curriculum (NACOME, 1975).
Teaching practice during the back-to-basics era was described in National Science
Foundation case studies:

In all math classes that I visited, the sequence of activities was the same. First, answers
were given for the previous day's assignment. The more difficult problems were worked
by the teacher or the students at the chalkboard. A brief explanation, sometimes none at
all, was given of the new material, and the problems assigned for the next day. The
remainder of the class was devoted to working on homework while the teacher moved
around the room answering questions. The most noticeable thing about math classes was
the repetition of this routine. (Welch, 1978, quoted in NCTM, 1991, p. 1)

It was in reaction to this curricular focus that the present reform in mathematics education
emerged.

The NCTM Siandards-Based Reform

This most recent reform was launched in 1989 with the publication of NCTM's
Curriculum and Evaluation Standards for School Mathematics, a vision of teaching and
learning that differs radically from the back-to-basics curriculum that preceded it. In this
section, we consider its genesis, its conception of curriculum and pedagogy, and reaction
to the movement. Our intent is to highlight for the reader the similarities as well as the
differences in the two reform movements.

Curricular concerns

Reaction to the back-to-basics movement grew steadily within the mathematics education
cominunity during the decade of the '70s. The dominant piace of computation in the
elementary curriculum was questioned, as was the low priority given to problem solving.
Also, dissatisfaction deepened as areas in the field of mathematics gained importance in a
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changing society but were not reflected in the school mathematics program (Usiskin,
1985).

Emerging concemns were voiced through conferences and reports. Among the most
prominent was the 1975 report of the NACOME, which "called for a repudiation of a
curriculum dominated by manipulative skills" (McLeod, in press) and recommended
more work with technology and applications. In the same year, the National Institute of
Education (NIE, 1977) sponsored a conference in Euclid, Ohio, that outlined 10 goals of
mathematics, problem solving being the chief among them. Soon after, the National
Council of Supervisors of Mathematics (NCSM), a body composed of leaders at
university and district levels, published its Position Paper on Basic Mathematical Skills
(1977), which defined "basic skills" as including not only computation but also
estimation, geometry, problem solving, and computer literacy. In a summary of the
concerns noted in various reports and conferences sponsored by the National Science
Foundation in the 1970s, Fey and Graeber (in press) list the following:

* The public views mathematics as a set of arithmetic skills.
¢ Applications should be a more prominent part of mathematics éurriculum.
* Problem solving should play a more central role.

* The role of technology needs tc be considered in relation to computational skills and the
handling of the "daily bombardment of statistics."

These reports prompted NCTM to appoint a committee to develop recommendations for
school mathematics for the coming decade of the '80s. The product, An Agenda for
Action (1980), was one of the earliest position statements from NCTM and a definitive
step toward reform. It set problem solving as the curricular focus, recommended that the
definition of "basic skills" be broadened to include such mathematical skills as estimation
and logical reasoning, and promoted the use of calculators and computers in the
classroom at all grade levels.

Although this publication articulated a direction for curricular change, its impact was
insufficient to quell the rising sense of urgency among mathematics educators. Usiskin
(1985), for example, in a strong argument for updating mathematics curriculum,
concluded with this call for change:

Current student needs in mathematics cannot be met without modifying the very goals
and nature of secondary school mathematics. Recent reports confirm that the current
curriculum needs overhauling rather than adjustment, revolution rather than evolution. (p.
17)

Sense of national crisis

There was no Sputnik launch to ignite this reform, but rather a perceived falling behind in
worldwide technological and economic standings. Concern with {J.S. student
performance had become linked in the public mind to the country's capacity to fill its
technical needs (see Mathematical Sciences Education Board, 1989).
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Results on international studies, such as the Second International Mathematics Study
(SIMS) and the International Assessment of Educational Progress (IAEP), showed the
U.S. as weak in several areas (Robitaille & Travers, 1992). Furthermore, despite the very
focused emphasis of the back-to-basics period on procedural skills, "national tests
showed that student performance in basic skills declined or stayed the same" (Kenney &
Silver, 1997, p. 66).

While these voices grew louder within the halls of government and academia, an event
occurred that awakened the general public to the sense of crisis: the publication of A
Nation at Risk (1983). Coramissioned by the National Commission for Excellence in
Education (NCEE), this report struck a note of urgency: "If an unfriendly foreign power
had attempted to impose on America the mediocre educational performance that exists
today, we might well have viewed it as an act of war" (NCEE, 1983, p. 5). lts rhetoric
linked education to a national crisis, as in the days preceding the new math movement.

The response from NCTM

The National Council of Teachers of Mathematics, which identifies itself as "the largest
non-profit association of mathematics educators in the world,” aims to represent "the
broad community of stakeholders in the fields of mathematics and mathematics
education” (NCTM, see "NCTM at a Glance": hitp://www.nctm.org/about/intro.htm). In
response to the reports of the '70s and to the back-to-basics curriculum, NCTM adopted
an activist stance. As Shirley Hill, NCTM president from 1978 to 1980, stated, "A major
obligation of a professional organization such as ours is to present our best
knowledgeable advice on what goals and objectives of mathematics education ought to
be" (quoted in McLeod, Stake, Schappelle, Mellissinos, & Gieri, 1996, p. 24). With this
motivation, NCTM stepped forth to produce a set of standards for school mathematics.

Using only organization funds, NCTM produced and distributed Curriculum and
Evaluation Standards for School Mathematics (1989), a document intended to be a
multivoiced statement reflecting the varied composition of the organization and to
produce a consensus broadly acceptable to the mathematics community. To represent that
community, the writing group was composed of mathematics educators ranging from
clementary teachers to college faculty (including matheraticians), researchers to state
and district supervisors, and people with expertise in technology, teacher education, and
other areas.

The standards-based movement also produced Professional Standards for Teaching
Mathematics (NCTM, 1991), which addressed explicitly the changes in teaching that
were implicit in the first document, and Assessment Standards for School Mathematics
(NCTM, 1995). These documents, collectively referred to here as the Standards, rounded
out the NCTM vision of mathematics in K-12 classrooms.

Conception of pedagogy and curriculum

A reform, by definition, challenges current practice. As understood from the NCTM
Standards, this reformt in mathematics education advocates changes in content and
pedagogy. A significant difference from the new math movement is NCTM's emphasis
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on mathematics content and instruction suitable to all students, not only the college
bound. This principle underlies its vision in both of these essential areas.

Content. The Standards do not list specific topics to be covered by the end of each grade.
Instead, the documents present guidelines and provide examples to clarify its unique
conception of school mathematics content. Some noted changes were:

* The opening of secondary mathematics to include discrete mathematics, statistics, and
mathematical modeling, with increased attention overall to applications.

* Across the grades, stress on connections of mathematics to the real world.
* More integration of mathematics topics.

* Emphasis on higher-order thinking and on "making sense” of mathematics through
problem solving, communication, connections, and reasoning.

* A change at the elementary level from almost total concentration on arithmetic to
inclusion of such topics as geometry, patterns. and statistics. ,

Underlying these proposed changes in confent is a central focus on the conceptual versus
the merely procedural. For example, the Standards call for decreased attention at the K-4
level to long division and to "complex paper-and-pencil computation,” but increased
attention to mental computation, the meaning of operations, and "thinking strategies for
basic facts" (NCTM, 1989, pp. 20-21).

Pedagogy. This reform views the learner as actively participating in the construction of
knowledge, a view that leads to changes in teaching practice, such as:

* Active student involvement in discovering and constructing mathematical relationships,
rather than merely memorizing procedures and following them by rote.

* The use of concrete materials, calculator graphics, tables, or other representations as a
means to help students grasp abstract concepts.

* Group work, including students sharing and justifying their ideas.

* Student writing (including drawings, diagrams, charts) to encourage reflection on
mathematical ideas, and oral presentation to promote communication of those ideas.

* The use of context, whether imaginary or real world, as a way to capture student interest
in problems and as "a framework or structure upon which to secure concepts and study
them" (Robinson & Robinson, 1999, p. iii). '

* Teacher as orchestrator of classroom discourse and facilitator of learning experiences.
Reaction to the reform

Initial reaction was markedly positive, scemingly "an overwhelming national consensus
on directions for change in mathematics education,” but the reform movement is now
"facing passionate resistance from dissenting mathematicians, teachers, and concemed
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citizens. Wide dissemination of the criticisms . . . has shaken public confidence in the
reform process” (Fey, 1999).

On the positive side, the reform has had an impact on school mathematics to the extent
that most states have rewritten their frameworks to align with the Standards in language,
grade level demarcations, and goals. Other evidence of support was the awarding of
grants by the National Science Foundation to several projects to produce curriculum
series aligned with the Standards. Schools now have available instructional materials that
incorporate the goals envisioned in the reform (see K-12 Mathematics Curriculum
Center, http:// www.edc.org/mcc). Despite this support for the NCTM vision, a backlash
has developed.

One significant barrier to implementation of the Standards is the change required of
teachers in their practice. They are asked to alter their role from the accepted position as
transmitter of knowledge to a new, therefore uncomfortable, position as facilitator--one
who engages the class in mathematical investigation, orchestrates classroom discourse,
and creates a learning environment that is mathematically empowering (NCTM, 1991).
McLeod et al. (1996). noting the expenditure of energy and time by teachers, questions,
"How much of a burden is reasonable? How much of a burden is reform based on the
NCTM Standards, a reform effort that is characterized by complexity and a lack of

specificity?" (p. 115).

At the same time, the issuc of accountability has come to the fore. High stakes testing is
often not aligned with the Standards, which further raises frustration as parents and
teachers grow increasingly concerned about student performance on these tests.

Further insights into public reaction reveal oft-quoted misinterpretations of the Standards,
with statements such as, "Children don't need to know the multiplication tables, and
geometry no longer requires proofs” (McLeod, in press). In addition, concemed citizen
groups object to NCTM's support for calculator use in the primary grades, argue that the
Standards are vague on the importance of basic computational skills, and fee! that
mathematical applications are overemphasized throughout. These groups work toward
return to a traditional mathematics program with a well-defined set of grade level
objectives. The following quote from one leading group, Mathematically Correct,
conveys the flavor of its opposition:

Across the country, the way mathematics is taught in the classroom and in textbooks has
been changing notably. Classrooms are often organized in small groups where students
ask each other questions and the teacher is discouraged from providing information. . . .
The use of blocks and other "manipulative” objects has extended well beyond
kindergarten and can now be found in many algebra classes. Meanwhile, the students
practice their fundamentals less and less. . . . Calculator use is growing and taking away
expectations for student learning. Textbooks, if the students have them at all, are full of
color pictures and stories, but not full of mathematics. The books often don't even give
explicit definitions or procedures. That would be "telling" and the new idea is for
students to discover all of mathematics for themselves. Many of these programs don't
even teach the standard algorithms for the operations of arithmetic. Long division is &
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devil that is to be beaten into extinction--and if they manage that, multiplication. will be
next. ("What Has Happened," 2000)

NCTM bore in mind these misinterpretations as a new writing committee worked to
update, refine, and clarify the Standards documents. The recently published document,
Principles and Standards for School Mathematics (NCTM, 2000}, simplifies the reform
message by presenting only five content standards that extend across all grade bands and
clarifies them through examples of problems, student work, and classroom dialogue. The
document as a whole atternpts to respond to the concerns voiced by the many
stakeholders in mathematics education, to clarify NCTM’s positions, and to define its
vision.

Conclusion

The standards-based reform is not a reincarnation of the new math movement, although
there are similarities. Both grew out of discontent with student performance and the
incompatibility of traditional content offerings with advances in mathematics. Therefore,
each added new content to the K-12 curriculum, reflecting the field of mathematics
current at the time. New math, however, emphasized deductive reasoning, set theory,
rigorous proof, and abstraction, while the Standards emphasize applications in real world
context, especially experimentation and data analysis. This difference determines what
problems are investigated and how they are solved, and what is counted as evidence.

Another difference lies in the pedagogy embedded in each reform movement. Standards-
based pedagogy is based on constructivism and, therefore, instructional practices focus
strongly on process--communicating, reasoning, problem solving, making connections,
and representations.

Public acceptance of both reforms was general at first, and both encountered strong
countermovements toward traditional instruction. New math ended in educational
oblivion. What will become of the current movement?

While state curriculum frameworks and textbook publications show decided change
directly connected to the reform movement, at the classroom level only minimal change
has taken place in important areas that affect students--how mathematics is
conceptualized and how it is taught. McLeod (in press), summarizing the research on the
impact of the NCTM documents on classroom teaching, states that on questionnaires
teachers reported making several changes in both curriculum and pedagogy. But studies
that used classroom observations and in-depth interviews with teachers concluded that
"the changes suggested by the Standards remained a vision of the future, too difficult to
inaplement fully in the context of schooling in the 1990s" (McLeod, in press; see also
Ferrini-Mundy & Schram, 1997; McLeod et al., 1996).

Mathematics educational reform--whether state frameworks or instructional materials--
can occur on paper, as it did in the new math era and is now in the current standards-
based movement, without impacting deeply the teaching/learning process at the
classroom level. Change is slow, change is complex. As noted by Fey and Graeber (in
press), it is difficult to deliver a reform message throughout the nation's diverse K-12
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system, but it is even more difficult to sustain the momentum and allow time for the
message to play out in the classroom.
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